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^ ' Abstract 

G^ ■ 

■ We show that the class of four-dimensional Taub-Bolt(NUT) spacetimes with positive 
, cosmological constant for some values of NUT charges are stable and have entropies that are 
I greater than that of de Sitter spacetime, in violation of the entropic N-bound conjecture. We 

■ also show that the maximal mass conjecture, which states "any asymptotically dS spacetime 
with mass greater than dS has a cosmological singularity" , can be violated as well. Our 
calculation of conserved mass and entropy is based on an extension of the path integral 

Q^' formulation to asymptotically de Sitter spacetimes. 
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1 Introduction 



^ I The set of conserved quantities associated with a given physical system is one of its most funda- 
mental features. If the system consists of a spacetime that is either asymptotically flat (aF) or 
asymptotically anti de Sitter (aAdS) these quantities are generally well understood. In the former 
case the conserved quantities are the d{d+ l)/2 conserved charges corresponding to the Poincare 
generators in (i-dimensions. In the latter case the situation is a bit more problematic since the 
conserved charges have supertranslation-like ambiguities (due to the coordinate dependence of the 
formalism). In either case such quantities have been defined relative to an auxiliary spacetime, in 
which the boundary of the spacetime of interest must be embedded in a reference spacetime. In 
recent years progress in this area has been made by incorporating expectations from the AdS/CFT 
correspondence. By introducing additional surface terms that are functionals of geometric in- 
variants on the boundary P, an alternative approach was developed for computing conserved 
quantities associated with aAdS spacetimes that was free of the aforementioned difficulties. 
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Both aF and aAdS spacetimes have spatial infinity, a property that plays an important role 
in the construction of conserved charges for both of these cases. However, asymptotically de 
Sitter (adS) spacetimes do not have a spatial infinity, and so present an interesting puzzle in the 
calculation of conserved quantities. Such spacetimes also have no global timelike Killing vector; 
rather the norm of the Killing vector changes sign depending on which side of the horizon one is 
considering. Calculations for conserved charges and actions/entropies have been carried out for 
pure and asymptotically de Sitter spacetimes inside the cosmological horizon where the Killing 
vector is timelike |2] . Outside of this horizon the physical meaning of energy and other conserved 
quantities is not clear; for example to construct the energy one could use the conformal Killing 
vector [3]. 

Recently a novel prescription was proposed for computing conserved charges (and associated 
boundary stress tensors) of adS spacetimes from data at early or late time infinity 0]. The 
method is analogous to the Brown- York prescription in asymptotically AdS spacetimes El 
ini El, suggesting a holographic duality similar to the AdS/CFT correspondence. The specific 
prescription in ref. ^ (which has been employed previously by others but in more restricted 
contexts jHl El) presented the counterterms on spatial boundaries at early and late times that 
yield a finite action for asymptotically dS spacetimes in 3, 4, 5 dimensions. By carrying out a 
procedure analogous to that in the AdS case (TJ |B1 , one could compute the boundary stress tensor 
on the spacetime boundary, and consequently a conserved charge interpreted as the mass of the 
asymptotically dS spacetime could be calculated. 

The conserved charge associated with the Killing vector d/dt - now spacelike outside of the 
cosmological horizon - was interpreted as the conserved mass |i4||. Employing this definition, the 
authors of ref. |31 were led to the conjecture that any asymptotically dS spacetime with mass 
greater than dS has a cosmological singularity. We shall refer to this conjecture as the maximal 
mass conjecture. As stated, the conjecture is in need of clarification before a proof could be 
considered, but roughly speaking it means that the conserved mass of any physically reasonable 
adS spacetime must be negative (i.e. less than the zero value of pure dS spacetime). This has been 
verified for topological dS solutions and their dilatonic variants ^01 and for the Schwarzschild-de 
Sitter (SdS) black hole up to dimension nine ITT]. The maximal mass conjecture was based in part 
on the Bousso N-bound [121, another conjecture stating that any asymptotically dS spacetime will 
have an entropy no greater than the entropy ni"^ of pure dS with cosmological constant A = 3/£^ 
in (3 + 1) dimensions. 

We have found, however, that locally asymptotically de Sitter spacetimes - with NUT charge 
n - provide counterexamples to both of these conjectures under certain circumstances In this 
paper we explore this situation in detail, illustrating the circumstances under which the conjectures 
are and are not satisfied. We demonstrate that locally asymptotically de Sitter spacetimes with 
NUT charge in (3 + 1) dimensions can violate both the N-bound and the maximal mass conjecture. 
While it has been shown recently that the class of stable spacetimes in the form of dSp x S"^ in 
more than four dimensions (p + g > 4), have entropy greater than that of de Sitter spacetime (in 
violation of the N-bound) ^31 , to our knowledge this is the first demonstration of spacetimes that 
violate the maximal mass conjecture. 
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The paper proceeds as follows. In section |2l we will outline and review the procedure for 
calculating the conserved mass and entropy, and derive the general expressions for these quantities 
in {d + 1) dimensions. Since there are several different ways of writing the metric, depending on 
which set of Wick rotations is chosen, these calculations will in the next section be shown for all 
such choices. In section |31 we will analyze the quantities in (3 + 1) dimensions, and compare our 
various approaches - also, we will demonstrate where these solutions violate the Bousso bound 
and the maximal mass conjectures, as both of these have been formulated for (3 + 1) dimensions. 
In sectional we will analyze the conserved mass and entropy in (5 + 1) dimensions. NUT-charged 
spacetimes of dimensionality 4k are qualitatively similar to the (3 + 1) dimensional case whereas 
those of dimensionality 4k + 2 are qualitatively similar to the (5 + 1) dimensional case. 

2 Path-Integration and Asymptotically de Sitter Space- 
times 

We begin with the path-integral approach, for which 



represents the amplitude to go from a state with metric and matter fields [(71,$!] on a surface 
Si to a state with metric and matter fields [g2, $2] on a surface S'2. The quantity D [g, $] is a 
measure on the space of all field configurations and / [g, $] is the action taken over all fields having 
the given values on the surfaces 5*1 and 5*2. For asymptotically flat and asymptotically anti de 
Sitter spacetimes these surfaces are joined by timelike tubes of some finite mean radii, so that the 
boundary and the region contained within are compact. In the limit that the larger mean radius 
becomes infinite and the smaller mean radius vanishes one obtains the amplitude for the entire 
spacetime and matter fields to evolve from [gi, $1, Si] to [g2, $2, 'S'2]. 

In the case of asymptotically ((i+l)-dimensional de Sitter spacetimes the situation is somewhat 
different. We replace the surfaces 5*1, S'2 with histories Hi, H2 that have spacelike unit normals 
and are surfaces that form the timelike boundaries of a given spatial region; they therefore describe 
particular histories of (i-dimensional subspaces of the full spacetime. The amplitude (j2.1|) becomes 



and describes quantum correlations between differing histories [gi, $1] and [g2, $2] of metrics and 
matter fields. The correlation between a history [g2, $2, H2] with a history [gi, $1, Hi] is obtained 
from the modulus squared of this amplitude. The surfaces Hi,H2 are joined by spacelike tubes 
at some initial and final times, so that the boundary and interior region are compact. In the 
limit that these times approach past and future infinity one obtains the correlation between the 
complete histories [gi,^i, Hi] and [g2,^2, H2]. This correlation is given by summing over all 
metric and matter field configurations that interpolate between these two histories. The quan- 
tity {g2,^2, S2\gi,^i, Si) depends only on the metrics gi,g2 and the fields $i,$2 on the initial 






(2.2) 
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and final surfaces Si , 5*2 and not on a special metric gi and matter fields $j on an intermedi- 
ate surface Si embedded in spacetime; in the evaluation of the amplitude {g2,^2, S2\gi,^i, Si) 
all the different possible configurations gi, $i in spacetime are summed. Similarly, the quantity 
((72, $2, H2\gi, $1, Hi) depends only on the hypersurfaces Hi and H2 and the metrics and matter 
fields over these hypersurfaces and not on any special hypersurface in the spacetime, between the 
hypersurfaces Hi and H2. 

The action can be decomposed into three distinct parts 

I = lB + IdB + let (2.3) 

where the bulk (Ib) and boundary {Iob) terms are the usual ones, given by 

Ib = I ct'+^x ^g{R-2A + CMm) (2-4) 

hB = f d^x Vt^G^ (2.5) 

where dM.^ represents future/past infinity, and jQj^± = Jg^- represents an integral over a 
future boundary minus a past boundary, with the respective metrics 7^ and extrinsic curvatures 
0^ (working in units where G = 1). The quantity Cm{^) in (j2.4|) is the Lagrangian for the 
matter fields, which we won't be considering here. The bulk action is over the {d + 1) dimensional 
manifold Ai, and the boundary action is the surface term necessary to ensure well-defined Euler- 
Lagrange equations. 

For an asymptotically dS spacetime, the boundary dAi will be a union of Euclidean spatial 
boundaries at early and late times. The necessity of the boundary term (j2.5p can also be un- 
derstood from the path-integral viewpoint by considering the joint correlation between histories 
[5^1, $1, Hi] and [g2, $2, H2] and also between [g2, $2, H2] and [g^, $3, H3]. The correlation between 
[gi,^i, Hi] and [g^, $3, H3] should be given by summing over the products of correlations with all 
possible intermediate histories [g2,^2, H2]: 

{gs, $3, Hs\gi, $1, Hi) = ^ (^3, $3, H3\g2, $2, H2) (c/2, $2, ^^2!^!, $1, ^^i) (2.6) 

2 

which will hold provided 

I[gis,^ = I[gi2,^ + I[g23,^ (2.7) 

where gi2 is the metric of the spacetime region between histories Hi and H2 and (723 is the metric 
of that between histories H2 and H3. The metric (713 is the metric of the full spacetime between 
histories Hi and H^ obtained by joining the two regions. In general the metrics gi2 and 5^23 will 
have different spacelike normal derivatives, yielding delta-function contributions to the Ricci tensor 
proportional to the difference between the extrinsic curvatures of the history H2 in the metrics 
gi2 and (723- The boundary term Iqb compensates for these discontinuities, and so ensures that 
the relation (j2.7p holds. 

We next turn to a consideration of the counter-term action in ()2.3|) . In the context of the 
dS/CFT correspondence conjecture, it appears due to the counterterm contributions from the 
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boundary quantum CFT [Ulini- The existence of such terms in de Sitter space is suggested by 
analogy with the AdS / CFT correspondence, which posits the relationship 



^Ads[7,^o] = / D[g]Dme 



exp 




) 



) 



^cft[7,^o] (2.8) 



between the partition function of the field theory on AdSf^+i and its quantum conformal field 
theory on its boundary. The counter-term action I^t in eq. ()2.3p appears for similar reasons: the 
quantum CFT at future/past infinity is expected to have counterterms whose values can only 
depend on geometric invariants of these spacelike surfaces. The counterterm action can be shown 
to be universal for both the AdS and dS cases by re-writing the Einstein equations in Gauss- 
Codacci form, and then solving them in terms of the extrinsic curvature and its derivatives to 
obtain the divergent terms; these will cancel the divergences in the bulk and boundary actions 
im I16j. It can be generated by an algorithmic procedure, without reference to a background 
metric, and yields finite values for conserved quantities that are intrinsic to the spacetime. The 
result of employing this procedure in de Sitter spacetime is [T^ 



provided a; > and vanishes otherwise, thereby ensuring that the series only contains the terms 
necessary to cancel divergences and no more. Hence, for example, in four {d = 3) dimensions, only 
the first two terms appear, and only these are needed to cancel divergent behavior in Is + IdB 
near past and future infinity. 

If the boundary geometries have an isometry generated by a Killing vector then it is 
straightforward to show that T^^^'^ is divergenceless, from which it follows that 



is conserved between histories of constant t, whose unit normal is given by n^"". The ip"" are 
coordinates describing closed surfaces S, where we write the boundary metric (s) of the spacelike 
tube(s) as 



where V^T is a spacelike vector field that is the analytic continuation of a timelike vector field. 
Physically this means that a collection of observers on the hypersurface all observe the same value 
of Q provided this surface has an isometry generated by Alternatively it means that for any 
two histories [5^1, $1, Hi] and [g2, $2, H2], the value of Q is the same for each provided ^ is a Killing 





(2.10) 



(2.11) 
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vector on the surface S. Note that unhke the asymptotically flat and AdS cases the surface S does 
not enclose anything; rather it is the boundary of the class of histories that interpolate between Hi 
and H2. In this sense Q is associated only with this boundary and not with the class of histories 
that it bounds. This is analogous to the situation in asymptotically fiat and AdS spacetimes, in 
which conserved quantities can be associated with surfaces whose interiors have no isometries [7] . 
If d/dt is itself a Killing vector, then we define 

= j d'^-^^^V^N^n^^n^^T^^, (2.12) 

as the conserved mass associated with the future/past surface at any given point t on the 
spacelike future/past boundary. This quantity changes with the cosmological time r. Since all 
asymptotically de Sitter spacetimes must have an asymptotic isometry generated by d/dt, there 
is at least the notion of a conserved total mass 9Jl^ for the spacetime in the limit that are 
future/past infinity. Similarly the quantity 

^Ji-^ = ^ d'^-V^V^cx^"''n^'T^e (2-13) 

can be regarded as a conserved angular momentum associated with the surface if the surface 
has an isometry generated by d/dcj)^"'. 

We turn now to an approach for evaluating and interpreting the path integral. The action ()2.3|) 
will be real for Lorentzian metrics and real matter fields, and so the path integral will be oscillatory 
and so will not converge. To set the stage for the calculations we perform we briefly review the 
path-integral approach to quantum gravity and its relationship to gravitational thermodynamics 
for asymptotically fiat or asymptotically AdS spacetimes. 

Consider a scalar quantum field - the amplitude for going from a state 0i) to 1^2, 02 ) can 
be expressed as an integral 

(t2,02l^i,0i) = ^ dW'^^^ (2.14) 

over all possible intermediate field configurations between the initial and final states. However, 
this amplitude can also be expressed as 

(t2,02|ii,0i) = (02|e"'''^*^"*^^|0i) (2.15) 

where H is the Hamiltonian. By imposing the periodicity condition = 02 for ^2 — = ~if3i we 
sum over (p^to obtain 



Tr(exp(-/3iJ)) = 




(2.16) 



The right-hand side is now a Euclidean path integral over all field configurations intermediate 
between the periodic boundary conditions because of the Wick rotation of the time coordinate, 
where / is the Euclidean action. Inclusion of gravitational effects can be carried out as described 
above, by considering the initial state to include a metric on a surface Si at time ti evolving to 
another metric on a surface S2 at time ^2, yielding the relation ()2.1|) . 
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Note that the left-hand side of (|2.16|) is simply the partition function Z for the canonical 
ensemble for a field at temperature This connection with standard thermodynamic arguments 
|17j can be seen as follows. We start with the canonical distribution 

P.-^^-^ (2.7) 
with f3 determined by considering the average total energy M 

M = %^ = _^,„/Ve-^-U 9,„Z (2.18) 



Also, the Helmholtz free energy W = M — TS can be rearranged so that 



M = W + TS = W-T I ——] = -T^ 



dT 



Ny 



d fW\ 



dT \T 



(2.19a) 



Ny 



= (2-19b) 
Comparing (ITTH|) and (I2.19bl) . we get 

= Inj^e^^^^l = InZ (2.20) 

which can be interpreted as describing the partition function of a gravitational system at temper- 
ature /?~^ contained in a (spherical) box of finite radius. 

We therefore compute Z using an analytic continuation of the action in (j2.H) so that the axis 
normal to the surfaces 5*1, 5*2 is rotated clockwise by | radians into the complex plane |2] (i.e. by 
rotating the time axis so that t — iT ) in order to obtain a Euclidean signature. The positivity of 
the Euclidean action ensures a convergent path integral in which one can carry out any calculations 
(of action, entropy, etc.). The presumed physical interpretation of the results is then obtained by 
rotation back to a Lorentzian signature at the end of the calculation. 

In the asymptotically de Sitter case these arguments require a greater degree of care because 
the action is in general negative definite near past and future infinity (outside of a cosmological 
horizon). The natural strategy would appear to be to analytically continue the coordinate orthog- 
onal to the histories [(/i, $i. Hi] and [g2, $2, H2] to complex values by rotating the axis normal to 
the histories Hi, H2 anticlockwise by ^ radians into the complex plane. The action becomes pure 

imaginary and so exp {il [(?,$]) — ^ exp ('+/ [(7, , yielding a convergent path integral 

Z' = I e+^' (2.21) 
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since J < 0. Furthermore, since we want a converging partition function, we must change (j2.18p 
to 




(2.22) 



Now comparing ()2.22j) with (j2.19bj) (since ()2.19ap2.19bj) won't change) we will obtain 

+pW = In {e+^^'- } = In Z' (2.23) 

In the semi-classical approximation this will lead to InZ' = +Ici- Substituting this and ()2.19a|l 
into (121221), 

(3{M-TS) = +hi 
(3M-S = hi 

S = [3M-hi (2.24) 

As before, the presumed physical interpretation of the results is then obtained by rotation 
back to a Lorentzian signature at the end of the calculation. However there is an ambiguity here 
that is not present in the asymptotically fiat and AdS cases. This occurs because outside the 
horizon, near past and future infinity, the signature of any asymptotically dS spacetime becomes 
(+, — , +, +), and so the spacelilce boundary tubes naturally have Euclidean signature. This leads 
to two possible approaches in evaluating physical quantities. 

In the first approach one proceeds in a manner similar to the asymptotically fiat and AdS cases, 
performing all calculations after anticlockwise rotation into the complex plane of the spacelike 
axis normal to histories. This involves not only a complex rotation of the (spacelike) t coordinate 
{t — * iT), but also an analytic continuation of any rotation and NUT charge parameters, yielding 
a metric of signature (—,— ,+,+,.. .). In the calculation of the action, this will give rise to a 
negative action, and hence a negative definite energy. Our argument for this approach is that it 
is not the Euclidean signature of the metric that is important, but rather the convergence of the 
path integral and of the partition function. We also periodically identify T with period /3 (given 
by the surface gravity of the cosmological horizon of the (— , — ) section) to ensure the absence of 
conical singularities. We shall refer to this approach as the C-approach, since it involves a rotation 
into the complex plane. 

In the second approach, we note that at future infinity d/dt = dt is asymptotically a spacelike 
Killing vector. This suggests yjj that rotation into the complex plane is merely formal device 
whose function is to establish the relationship ()2.24|) : it is not necessary for computational pur- 
poses. One can simply evaluate the action at future infinity, imposing periodicity in t, consistent 
with regularity at the cosmological horizon (given by the surface gravity of the cosmological hori- 
zon of the (+, — ) section). There is no need to analytically continue either rotation parameters 
or NUT to complex values. We shall refer to this approach as the R-approach, since no quantities 
are analytically continued into the complex plane. 

In adS spacetimes with NUT charge there is an additional periodicity constraint in t that arises 
from demanding that no Misner-string singularities appear in the spacetime. When incorporated 
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with the periodicity /?, this yields an additional consistency criterion that relates the mass and 
NUT parameters, the two solutions of which produce generalizations of asymptotically flat Taub- 
Bolt space to the asymptotically de Sitter case [12]. These solutions can be classified by the 
dimensionality of the fixed point sets of the Killing vector C, = d/dt that generates a U{1) isometry 
group. If this fixed point set dimension is {d — 1) the solution is called a Bolt solution; if the 
dimensionality is less than this then the solution is called a NUT solution. We shall see that in 
the C-approach this yields a dS-NUT solution analogous to the AdS-NUT well as the 

Bolt solutions, whereas the R-approach yields Bolt solutions only. Both of these versions of the 
Taub-NUT-dS spacetime are solutions to the Einstein equations. 

Our proposal ()2.2|) for extending the path-integral formalism for quantum gravity to describe 
quantum correlations between differing histories (as opposed to quantum amplitudes between dif- 
fering spacelike slices) can be physically motivated in the following way. Consider for definiteness 
an adS spacetime with cylindrical topology. A given history can be interpreted as the collection 
of worldlines of a set of observers on a compact slice at a given point t performing a variety of 
experiments in a (cosmologically) evolving universe. The choice of initial point of their history 
is determined by the time at which they began their experiments and the final point corresponds 
to the time at which they completed their experiments. Their entire history determines a causal 
diamond given by the intersection of the causal future of their initial point with the causal past of 
their final point. If their experiments begin at past infinity and end at future infinity they they 
have obtained the maximal amount of information that they can empirically access. 

The path integral ()2.2|) then describes the quantum correlation between the information these 
observers collected within their causal diamond with that obtained by another class of observers 
at some other point t'. A given class of observers could split up, choosing the same initial point 
but have differing intermediate histories. Similarly, two classes of observers could choose to meet 
at some final point, or a given class could split up at some initial time and reunite at some final 
time. In all such cases the interpretation of the path integral ()2.2j) would be that it describes 
the quantum correlations between the information contained in their observations. The modulus 
squared of the amplitude would represent the probability that the information collected from one 
history is correlated with that of another. 

We note also that although we have derived eq. (j2.24|) from the path integral formalism, its 
thermodynamic interpretation remains to be fully understood. However it would seem reasonable 
to expect that gravitational entropy S is generated by the presence of past/future cosmological 
horizons, and that the entropy in eq. ()2.24|) counts the degrees of freedom hidden behind such 
horizons. Of course there is a distinction between the entropy at past infinity and the entropy 
at future infinity. A future cosmological horizon shields information from observers at or near 
past infinity somewhat analogously to the manner in which a black hole shields external observers 
from the information inside. They have the option of actively probing for information behind the 
horizon, but only at later times. Observers at or near future infinity cannot probe for information 
from behind the past cosmological horizon; rather they can only passively access it. 

As an application of the relation (|2.24|) . consider the {d + l)-dimensional SdS spacetimes, with 
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metric 

, 9 d^"^ ( 2m \ , 9 9 ,^9 

= + + 7^ - 1 J + ^'^^^1 (2-25) 

The mass is given by Md+i = — ^^^{2((i — l)m — C^} where is the volume of the unit ci-sphere, 
Crf is the Casimir energy which is non-vanishing for even d and we obtain jllj 

/3 {r\ -id- 2)me) V,_, A,., 
= ^2 = (2-26) 

for the entropy where r+ is the largest root of the lapse function and m is the mass parameter. 
The gravitational entropy Sd+i is a positive monotonically increasing (decreasing) function of the 
conserved total mass M (mass parameter m) and so the N-bound is satisfied. In the special case 
of (2 + l)-dimensions, 5*3 is exactly the same as Cardy formula [HE]- In higher dimensions, the 
Gibbs-Duhem entropy ()2.26|) is less than the entropy associated with the cosmological horizon, in 
agreement with the N-bound. 



3 General Considerations of NUT-charged Spacetimes 

The general form for the NUT-charged dS spacetime in [d + 1) dimensions is given by 



ds^ = V{t) {dt + nAf - + (r^ + n^)dr^ (3.1) 



where d = 2k + 1 and V{t) is given by the general formula 



y( X ^ 2mr T . 

(r2 + n2)fc (r2 + n2)fc ' 



[s'^ + n'^f (2fc + 1) (s^ + n2)*^+i 



s2 B s2 



(3.2) 



with n the non- vanishing NUT charge and A = ^^^^"^-^ . 

The one-form A is a function of the coordinates (??i, 0^, -(9^, 0^) of the non- vanishing compact 
base space of positive curvature (with metric dV"^). The coordinate t parameterizes a circle 
Hopf-fibered over this space; it must have periodicity 2('^+^)^l"l avoid conical singularities, where 
g is a positive integer. The geometry of a constant-r surface is that of a Hopf fibration of over 
the base space, which is a well defined spacelike hypersurface in spacetime where V{t) > outside 
of the past/future cosmological horizons. The spacelike Killing vector d/dt has a fixed point set 
where Vijc) = whose topology is the same as that of the base space. 

The general form of the base space is a combination of products of 5*^ and CP^, i.e. ®|=i5'^ 
CP^ such that s + 2c = k. The metric of CP^ has the general form 



1 11^ 

dE' = {du' + -(rf^ + cosOdm + {d9' + sin^ 9d<p') (3.3) 

V-'- ~l~ 6 ^ ^ 6 ^ 

for which the one-form A is 
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Figure 3.1: The Penrose diagram of the TBdS spacetime. We denote the roots of V by the 
increasing sequence ti < < T2 < < T4 = r^. The vertical and horizontal lines are the r = 
and the r = — 00 slices of the spacetime, respectively. The double hne denotes r = +00 and 
the solid black dots denote the quasiregular singularities of the spacetime. Our calculation is 
performed outside the cosmological horizon, located within the triangle denoted by "X" . 

whereas 

A = 2cosed(p (3.5) 

if the base space is a 2-sphere with metric dfl'^ = d^^ + sin^ Odcp'^. For the general form 
CP^ the one-form A is a linear combination of metrics of the forms ()3.4|) and ()3.5p . 

The causal structure of TNdS spacetime can be understood by looking at a typical Penrose 
diagram (Figure Ej). For simplicity, we consider a four- dimensional TNdS with an S*^ base space. 
We denote the roots of V{t) by the increasing sequence ti < < T2 < T3 < = Tc- The 
vertical and horizontal lines are the r = and the past infinity r = — 00 slices of the spacetime, 
respectively and the double line denotes the future infinity r = +00. The solid black dots denote 
the quasiregular singularities. The region that is outside the cosmological horizon is located inside 
the triangle denoted by "X" . 

Quasiregular singularities are the end points of incomplete and inextendible geodesies which 
spiral infinitely around a topologically closed spatial dimension. Moreover the world lines of 
observers approaching these points come to an end in a finite proper time jTH|. They are the 
mildest kinds of singularity in that the Riemann tensor and its derivatives remain finite in all 
parallelly propagated orthonormal frames. Consequently observers do not see any divergences in 
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physical quantities when they approach a quasiregular singularity. The flat Kasner spacetimes on 
the manifolds RxT^ or x , Taub-NUT spacetimes and Moncrief spacetimes are some typical 
spacetimes with quasiregular singularities. 

We consider these quasiregular singularities to be quite different from the cosmological sin- 
gularities referred to in the maximal mass conjecture. This conjecture states that a timelike 
singularity will be present for any adS spacetime whose conserved mass ()2.12j) is positive (i.e. 
larger than the zero value of de Sitter spacetime). Using Schwarzschild de Sitter spacetime as 
a paradigmatic example , it is straightforward to show that scalar Riemann curvature invariants 
will diverge for M > [HllllE]; yielding a timelike boundary to the manifold upon their excision. 
Note that such curvature invariants diverge in certain regions even if M > ; however observers at 
future infinity cannot actively probe such regions. We therefore interpret the cosmological singu- 
larities in the conjecture of ref. j3] to imply that scalar Riemann curvature invariants will diverge 
to form timelike regions of geodesic incompleteness whenever the conserved mass of a spacetime 
becomes positive (i.e. larger than the zero value of pure dS). By this definition quasiregular 
singularities are clearly not cosmological singularities, and vice-versa. 



3.1 R-approach 

For simplicity we shall consider the form of the metric when the base space is a product ®JL]^S'^ 
of 2-spheres 



.2 k 



ds\ = V{t) {dt + Y^2n cos(^0#i - yr^ + + Y^idO] + sm\ei)d(t)1) (3.6) 
\ i=i / 1=1 

keeping in mind that the results below apply to the more general case ()3.1|) given above. We 
shall denote the largest root of V{t) by r^. The subspace for which r = is the fixed point set 
of d/dt. 

Since ■ ■ ■, are Killing vectors, for any constant (0^, ■ ■ - , (/)^)-slice near the horizon t = t^. 
additional conical singularities will be introduced in the (t, r) Euclidean section unless t has period 

/?^ = 47r/|\/'(r,)| (3.7a) 

This periodicity must match the one induced by the requirement that the Misner string singular- 
ities vanish. This yields 

which in general has two solutions for = as a function of n. For each of these solutions the 
fixed point set of d/dt is {d — l)-dimensional, and so both are bolt solutions. We shall refer to 
these solutions as R"*" and R~ respectively, denoting their metric ()3.6|) as ds\. 

The general form for the metric determinant and the Ricci scalar for arbitrary dimension 
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{d + 1) are 



9r 



n 

i=l 



sm 



R 



R 



d{d+l) 



(3.9) 
(3.10) 



The bulk action ()2.4|) can then be computed for arbitrary d (recaUing that the ]^sin^(^j) will 
contribute to the volume term) giving 



IR,B 



dp{4ny 



6TCt 



(3.11) 



where ^yf^ =(3 > is the period of t. 

We work in the region r > near future infinity. Employing the binomial expansion on 
the integrand, we integrate term by term from r = Tc to r — *■ cxo. Since we are only after 
the finite contributions (the divergent terms being cancelled by the counter-terms), the resultant 
contribution from the bulk action is 



'i?,_Bfinitc 



dl3{ATlY ^ fk 



i=0 



,2i 



T 



2fc-2i+l 



n 



2k-2i + l 



(3.12) 



Turning now to the boundary contributions at future infinity, the boundary metric is given by 



7 



Qiiv + n^n^, where 



.0,... 



is the unit norm of a surface of fixed r. We obtain 



for the boundary metric determinant and its associated Ricci scalar 



IR = V{T){r' + n'r\[sm' 



1=1 



\/(r)n2 



(r2 + n2) 



(r2 + n2)2 



Rni'y) = (d-l) 

where the trace of the extrinsic curvature can be obtained from the metric ()3.6|1 : 

eR = 



V'{t) ^{d-l)r.yVi^) 



2v/7( 



r2 + n2 



(3.13) 
(3.14) 



(3.15) 



Expanding (j3.13|l and (j3.15|) in ()2.5j) for large r, the finite contribution from the boundary 
action will be 

' - (3.16) 



'H,9Bfimte 



Stt 



-m 



Turning next to the counter-term contributions, which can be found from ()3.13|1 and ()3.14j) . 
it can be shown, using exactly the same arguments employed in JH]! that only the first term in 
the counter-term action ()2.9|) contributes a finite term - all the other terms will only cancel the 
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divergences in the bulk and boundary actions. Hence, the finite contribution at future infinity 
from the counter-term action is 



R,ctfimte 



in 



m (3.17) 



Adding together (Hn^ . STH^ and (ITT7D . we find 



'i?(finite) — - 



^'t^VV (2fc-2z+l) 



(3.18) 



for the general form of the R-approach action. 

We now turn to an evaluation of the conserved charges from the formula 

£1 = fd''-'x ^Tatn'^e (3.19) 

The only no n- vanishing conserved charge will be the conserved mass associated with C, = dt- Thus 
we have 



'^=^J ^ ^ Vl[Qat - Qlab + ^-f^lab + • • • | '^T (3-20) 

The extra terms from the variation of the counter-term action can be found in Using ex- 
actly the same arguments as above (from JH]), it can be shown that only the first term ^^^j^7afe 
contributes to the finite conserved mass. Inserting all of the quantities, we find that the finite 
conserved mass for general [d + 1) = 2k -\-2 dimensions is given by 

^ (47r)'=2fc 

Mr = -- — m 3.21 

m can be solved for in terms of r,n, through the first condition of demanding that V{t) = 0. 
Using ()3.21|1 . ()3.18j) . and the Gibbs-Duhem relation ()2.24|1 . we obtain 

S„ ^^Jlllh± nn^' 5"'" - (2* - 1,,4 (3.22) 

as the expression for the entropy for the Taub-Bolt-dS spacetime in general dimension (c? + 1) = 
2k + 2. 

Note that none of the preceding results required imposition of the consistency condition ()3.8p . 
which also reads 

l^'K)| = -T^^ (3.23) 

[a + 1) \n\ 

Eq. fl3.23|) has in general four solutions for r^, two of which are positive, yielding two possible 
relationships between the parameters m and n. This in turn implies two distinct spacetimes, each 
with its own characteristic entropy and conserved mass for a given n. While eq. (|3.23|) is easily 
solvable for specific choice of it is cumbersome to solve for arbitrary d, and so we shall postpone 
analysis of the implementation of this condition. 
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3.2 C-approach 

The form of the metric in this approach is obtained from ()3.6|) by rotating the time and the NUT 
parameter {t —>■ iT, n —>■ iN) , giving 

dsl = -F{p) (dT + 5^ 2Ar cos{e,)d<f)A - + (p' - N^) ^^(rf^- + sm\ei)d(f)'i) (3.24) 



where F{p) is now given by 

2'mp p 



np) 



ds 



- Wf {2k + 1) {s^ - N' 



2\k+l 



(3.25) 



Since these two formulae are the same as in the Bolt case, except for a few signs, the same 
arguments used above can be used to find the finite action and entropy, as well as the conserved 
mass. The general metric determinant and Ricci scalar are 



gc = {p'~N')llsm{9,) 



i=l 



c 



d{d+l) 



(3.26) 
(3.27) 



The finite contribution to the bulk action can again be found by inserting the above into ()2.4|1 
and using the binomial expansion. 



'CBfinite 



{ATTYl3d A fk 



E 

j=0 



-1)W- 



2fc-2i+l 
2i P+ 

2fc - 2z + 1 



(3.28) 



with the largest positive root of F{p), found by the fixed point set of dr- 
The quantity /? is the period of T, again obtained by setting 



/9, 



4:71 2{d+l)7r\N\ 



c 



\F'iP-,)\ 



so as to ensure regularity in the (T, p) section. Note that in this approach the functional form of 
F(p) is altered due to the changes in signs, so that p_^ is not equal to 

The boundary metric is again given by 7^^, = g^v + '^'^ny, with as before, and again we work 
at future infinity. This gives 



7c = -F{p){p' - N^f'\[.in\e.) 
Rch) = id -2) 



1=1 

1 ^ F{p)N' 



_(p2-A^2) (p2_JY2)2_ 
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(3.29) 
(3.30) 



for the boundary metric determinant and Ricci scalar. The trace of the extrinsic curvature on the 
boundary can be found from (j3.24|) 



e 



c 



F'{p) , {d-l)p^F\p) 



(p2 - iV2) 



(3.31) 



Using the same steps as above, the finite contributions from the boundary and counter-term 
actions can be found to be the same as ()3.16p . ()3.17|) . and so, for the Taub-NUT-dS metric, the 
general action is calculated to be 



'C finite 



57r 



d 



i=0 



2k-2i + l 



(3.32) 



As in the R-approach, the conserved mass can be found from ()3.19|1 . using the expansion (jHSJ. 
Again, only the three terms given in ()3.2ip contribute to the finite conserved mass, giving for the 
C-approach spacetimes 

^ ^ - (3.33) 



c 



-m 



in 



Using once more the relation S = f3Hoo — I, the expression for the entropy for the general Taub- 
NUT-dS spacetime is 



S, 



c 



in 



E 

i=0 



2fc-2i+l 

_iyp^2i^ (2A;- l)m 

^ 2k-2i + l ^ ' 



(3.34) 



The periodicity conditions for ensuring regularity in the (T, r) section and removal of all 
Misner-string singularities now yields the consistency requirement 

In this case there are two qualitatively distinct solution classes to ()3.35|) . characterized by the co- 
dimensionality of the fixed point set of Ot- In one class, this co-dimensionality is (c? — 1), yielding 
a solution p_,_ > - we shall refer to this as the Taub-Bolt-C solution. In the second class 
p_i_ = A^, and the fixed-point set is of zero- dimensionality. This class shall be referred to as the 
Taub-NUT-C solution. These different cases will be treated in more detail in specific dimensions 
in the sequel. 

4 Four Dimensional Analysis 
4.1 R-approach in 4 dimensions 

The (3 + 1) -dimensional metric will in this case f ()3.6|) . with k = 1) have 

= ^^-^^ 
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where n is the non- vanishing NUT charge and K = j2- The coordinate t parameterizes a circle 
fibered over the 2-sphere with coordinates {9, 0) , and must have a period respecting the condition 
dSm, which is 

47r Stt \n\ 

where g is a positive integer, yielding 

+ 



/3^ = 27r 



(4.3) 



The geometry of a constant-r surface is that of a Hopf fibration of over 5*2, and the metric 
1)4.11) describes the contraction/expansion (for g = 1) of this 3-sphere in spacetime regions where 
V{t) > outside of the past/future cosmological horizons. The condition V{tc) = yields 

mn = (4.4) 

Using the general formula ()3.18|) with /c = 1, c? = 3, the action is 

Irm = -^(^«^' + + 3^^'^-) (4-5) 
and the conserved mass is found to be 

97l«,4. = -ran + + O j (4.6) 

near future infinity, which for n = reduces to the total mass of the four dimensional Schwarzschild- 
dS black hole ^T]. From ()3.22|) or by directly applying the Gibbs-Duhem relation ()2.24|) 5* = 
[3Hoo — /, we find 

(3{md' - ^n^r, - rg) 
^RM 14. ( ) 

for the total entropy. 

The preceding results are generic to either of the two solutions = to (|3.23|) . which are 

= ^'-'^ 

Since the discriminant of must always be positive, we find 



< gV6 + V4 + g2 (4.9) 



Note that both the high temperature {n 0) and flat space (£ — > oo) limits of are infinite. 
The high temperature limit of r~ is 0, and its fiat space limit is — From these results we have 
mass and temperature parameters (3^ and , straightforwardly obtained by insertion of Tc = 
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Figure 4.1: Plot of the upper {rt = Tb+) and lower ( = ti,_) TB masses (for q = 1). 



into eqs. (j4.3|) and (j4.6p respectively. We shall refer to the distinct spacetimes associated with 
these cases as R4 , with action and entropy . 

Further analysis indicates that the spacetimes provide a counter-example to the maximal 
mass conjecture of ^ for certain ranges of the parameter n. As shown in Figure (with g = 1), 
the 971^ is always positive, and thus always violates the conjecture. Note that although the 971^ 
is positive for n < .2360026142£, it doesn't violate the conjecture for n less than this value, since 
R~ exists only for \n\ > .2658 Otherwise V{t) develops two additional larger real roots, and 
the periodicity condition cannot be satisfied. Note that for g > 1, the lower branch R~ always 
has a negative OJt^ and so does not violate the conjecture, whereas the R'*' branch violates the 
conjecture for all q, since 3Jtjj > 0. 

From ()4.5p . using ()4.3|) and ()4.8|) . the R action is 



and from ()4.7|) . the entropy is 



'-'RAd 



ne (72n^ + qH') 



216 



(4.10) 



"216 



ri^qP 



7re\24n^ + qH^) 
Tr{lUn* + qH^)^/fF' 



(4.11) 



144n4 + 48^2 



72^2 



This does satisfy the first law, though each branch must be checked separately. From the entropy 



and the relation C^^^ 



36n2 



PRdp±Sj^^^, we find for the specific heat 

UAq^i^n^ + 41472nS - 10368n^i^ + 2An^i^k^ + k^t) 



qW ^Jq^i'^ - lUn^ + 48nH^ 



(4.12) 
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Figure 4.2: Plot of the upper branch boltFigure 4.3: Plot of the lower branch bolt 
entropy and specific heat (for g = 1). entropy and specific heat (for q = 1). 



The plots for the upper and lower branch entropies/specific heats are in Figures f4. 21 14.31 

In figure the upper branch entropy is always positive (and almost always greater than vrf^, 
except for NUT charge in a range near the maximal value Umax = ■5941£), but the specific heat is 
positive only outside the range .2886751346£ < ra < .5£; thus, the upper branch solutions are only 
stable for n outside this range. Figure shows that the lower branch entropy is always negative, 
and so the lower branch solutions are always unstable. 

In both the AdS and dS cases there is a natural correspondence between phenomena occurring 
near the boundary (or in the deep interior) of either spacetime and UV (IR) physics in the 
dual CFT. Solutions that are asymptotically (locally) dS lead to an interpretation in terms of 
renormalization group flows and an associated generalized dS c-theorem. This theorem states 
that in a contracting patch of dS spacetime, the renormalization group flows toward the infrared 
and in an expanding spacetime, it flows toward the ultraviolet. Since the spacetime ()3.6p is 
asjTiiptotically (locally) dS, we can use the four-dimensional c-function [201 

c={G^,n^n'')-' = -^ (4.13) 

where is the unit normal vector to a constant r— slice. In figures fl4.4|l and ()4.5|1 . the diagrams 
of the R-approach spacetime c-functions outside the cosmological horizon with i = 1 and n = 0.5 
for two cases q = I and 3 are plotted. 

As one can see from these figures, outside the cosmological horizon, the c -function is a mono- 
tonically increasing function of r, indicative of the expansion of a constant r-surface of the metric 
()3.(ij) outside of the cosmological horizon. Since the metric (I3.fjj) at future infinity r — > +oo, reduces 
to 

d4 ^ -rfu^ + e2"/^rfS^ (4.14) 

where u = ilnr and dSg is the metric of three-dimensional constant w-surface, the scale factor 
in ()4.14|) expands exponentially near future infinity. Hence the behavior of c-function in figures 
()4.4|) and ()4.5|) is in good agreement with what one expects from the c-theorem. According to 
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Figure 4.4: c-function of Taub-Bolt-dS Figure 4.5: c-function of Taub-Bolt-dS 
solution versus r > r+ = 0.50 for q = 1 solution versus t > t~ = —0.167 for 



(solid) and r > r+ 
(dotted). 



1.077 for g = 3 q = 1 (solid) and r > r 
q = 3 (dotted). 



-0.077 for 



c-theorem for any asymptotically (locally) dS spacetimes, the c-function must increase (decrease) 
for any expanding (contracting) patch of the spacetime. 



4.2 C-approach in 4 dimensions 

The (3 -|- 1) dimensional C-approach {t —>■ iT, n — > iN) implies that the metric has the form 
dSmi), with k = l, d = 3, with F{p) given by 

, p'- + 6N^)p^ + 2mpe - N^{e + 3iV2) 

np) = i^^jpy-^ (^-^^^ 

where is the nonvanishing NUT charge and A = ^. The coordinate T parameterizes a circle 
fibered over the non- vanishing sphere parameterized by {6, (p) and must have periodicity respecting 
the following condition 

47, 8ir|JV| 

to avoid conical singularities, where g is a positive integer. 

For this situation (i.e. with ( 1-+) signature) the geometry is, strictly speaking, no longer 

that of a Hopf fibration of over a 2-sphere since the coordinate T is now timelike. Consequently 
its physical relevance is less clear. However the metric is independent of the coordinate T and so 
we are able to proceed to calculate the action, the conserved mass and various other quantities. 
We shall do so, mindful of the preceding considerations. 

Using the method of counter-terms for de Sitter space ^T] directly, or using the general formula 
()3.32j) obtained above with k = 1 and c? = 3, we find 

P^{pl-3N'p^ + mf) 
^CM (4. 1 () 
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for the action in four dimensions, where is the value of p that is the largest positive root of 
F{p), determined by the fixed point set of Ot, and m is the mass parameter, which will have 
differing values for different p > p^. 

Working at future infinity, using either ()3.33|) or calculating directly from ()3.19|) . ()3.20j) for the 
metric ()3.24j) yields the conserved mass 

TlcM = -m + + O {^-^j (4.18) 

near future infinity, which for = reduces exactly to the total mass of the four dimensional 
Schwarzschild-dS black hole |llj . 

By applying the Gibbs-Duhem relation ()2.24|) or from ()3.34|) we obtain 

(3^ipl-3N'p^-me) 

^cAd = ^ (4.iyj 

for the total entropy. This entropy can be shown to satisfy the first law of gravitational thermo- 
dynamics (as required) for both the NUT and bolt cases (see below). The above equations are 
generic, and can now be analyzed for the specific cases of the "NUT" and "Bolt" solutions (called 
such in analogue with the Taub-NUT-AdS case [IS,])- 

The metric arising from the C-approach affords two sets of solutions, depending on the fixed 
point set of dx- These arise from the regularity condition ()4.16|) that ensures the absence of conical 
singularities. When p_^_ = N, F{p = N) = and the fixed point set of Ot is 0-dimensional, we get 
the "NUT" solutions; when p^ = p^_|_ > A^, the fixed point set is 2-dimensional, we get the "bolt" 
solutions. Since the thermodynamic and mass analysis yield interesting yet different results for 
each case we will handle each separately. 

4.2.1 Taub-NUT-C Solution 

For the NUT solution, p_^ = N, and we can solve for the NUT mass parameter 

mc,n = (4.20) 

Looking at this equation, it is easily seen that mc,n is always positive, and so (since the conserved 
mass at future infinity is —mc^n ()4.18p ) the NUT solution always has a mass less than the de- 
Sitter mass, always satisfying the Balasubramanian et. al. conjecture j^. In the flat space limit 
{i oo), the NUT mass will go to A^, and in the high temperature (A^ 0) limit, it goes to 0. 

The period in four dimensions (g = 1) is given by /3 = 87rA^, and so the NUT action and 
entropy can be found from ()4.17| l^?Tn|l : 

J-C,NUTAd — -p l^-^J-j 

^CNUTM — l^-^^j 
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Figure 4.6: Plot of the NUT entropy and specific lieat vs. N. 



It is easy to show that (j4.22j) and (j4.18j) with m = mc,n satisfy the first law dS = (3 dH. In the 
flat space limit, both of these go to —At^N, and in the high temperature limit, they both go to 0. 
Using and the relation C = -(3dpS yields 

_ 87riV^(£^ + 12iV^) 

'^CNUTM — (^4.Zdj 

for the NUT specific heat. In the flat space limit, C^nutm ^ SttN, and it approaches in the 
high temperature limit. 

We note that the specific heat is seen to be always positive, and the entropy is always negative 
for the NUT solution. We interpret this to mean that the NUT solution is not thermodynamically 
stable (see Figure 1^^ . Also, the specific heat always negative means it is always less than the 
pure dS entropy, thus satisfying the N-bound. 

4.2.2 Taub-Bolt-C Solution 

For the bolt solution, the fixed point set of Ot is 2 dimensional, and we get p_^_ = pi,^ > N. The 
conditions for a regular bolt solution are (i) F{p) = and (ii) F'{p) = ± with (ii) arising 
from the second equality in ()4.16|) (and > 0). From (i), we get the bolt mass parameter 

{pt-{f + QN')pl-N\e + 3N')) 
mc, = (4.24) 

where from (11"*"), Pi, is 

P.. = ^ T2N ^'-''^ 

The discriminant of pj_|_ will always be positive, and so there is no restriction on the range of 
(except A^ > 0). Note that both the fiat space and high temperature limits of p^_,_ are infinite; the 
flat space limit of Pf,_ is — and the high temperature limit is 0. 
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Figure 4.7: Plot of the upper (pj, = p^^) and lower ( pj, = p{,_) bolt masses m;,± (for q = 1). 



The period for the bolt is found from the first equality in ()4.16p 



P 



C,bolt4d 



2tx 



{pi - N^f 



pI - 2m pI + Ar2(9A^2 + 2£2)p^ - mP{pl + N^) 



(4.26) 



The temperature for the two solutions is the same, as can be seen by substituting m = mc,b and 
either of p^ = p^_|_ into ()4.26|) . 

Substituting in p^ = p^_|_ into mc,6, we can see that the Taub-Bolt-C solution is a counter- 
example to the maximal mass conjecture of |ij for certain values of N . As shown in Figure 
14.71 (where g = 1 in the plots), the lower branch (pj, = p^_) mass is always negative, and since 
()4.18p is — m, the lower branch bolt conserved mass will always be positive, and thus greater than 
the de-Sitter mass, violating the conjecture. Also, the upper branch (p^ = pj,^) is negative for 

< 0.2066200733, and thus the upper branch solution also violates the conjecture for A^ less 
than this value. (This trend holds for higher values of g, with the cross-over point for the upper 
branch solution increasing with increasing q). 

The bolt action is, using ()4.17|) and ()4.26|) 



Ic,bomd{Pb — Pb±) — 



'ji{pt + ^''pl + N\e + ?,N^)) 


pb 


pb 


3pi - 3m - p 



(4.27) 



TT 
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\qH^ 



■ ± 



^2£2\(3/2) 



mqp 



Sc,bomd{Ph — Pb±) 



7r(3p^ - {e + 12Ar2)p2 - Ar2(£2 + 3Ar2)) 


Pb 


Pb 


3pl - 3Ar2 _ £2 



TT 

72 



\q'e + 2m^)e 



12m){qe + 



Pqm 



(4.28) 

- 48A^2£2 
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Figure 4.8: Plot of the upper branch bolt Figure 4.9: Plot of the lower branch bolt 
entropy and specific heat (for g = 1). entropy and specific heat (for q = 1). 



It can again be checked that this satisfies the first law, though each branch must be checked 
separately. From this entropy, the specific heat can be found for the bolt; explicitly for each 
branch, it is given by 



Cc {Pb±) 



(4.29) 



Plots of the entropy and specific heat for the upper and lower branch solutions (for q = 1) 
appear in Figures I4.8| 14.91 From Figure 14 .H^ we can see that the entropy for the upper branch 
solution is positive for N < .3562261982£ , and the specific heat is always positive; thus the 
upper branch solution is thermodynamically stable for < .3562261982£. However, for the lower 
branch solutions, while the entropy is always positive, the specific heat is always negative, and 
so the lower branch bolt solution is always thermodynamically unstable. Note that this trend 
continues for g > 1. Note also that the lower branch entropy is greater than the pure dS value 
for > .3716679966£, showing the lower branch violates the N-bound above this value of N. 
Similarly, note that the upper branch entropy violates the N-bound for < .2180098653£. 



5 Six Dimensional Analysis 
5.1 R- approach in 6 dimensions 

The (5 + 1) dimensional form of the metric ( ()3.6j) . with k = 2), will have in the R-approach 

, 3r6 + (-^2 ^ 15^2)^4 ^ 3^2/ + I5n2)r2 - 3n\-i^ + 5n^) + Gmrf 
= 3(r2 + n^i^ ^'-'^ 

where n is the non- vanishing NUT charge and A = The coordinate t parameterizes an 
Hopf fibered over the non- vanishing S"^ x S"^ base space, parameterized by (^i, (pi, 62, (^2) • niust 
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have periodicity ^^^^"^ to avoid conical singularities, where k is a positive integer. The geometry 
of a constant-r surface is that of a Hopf fibration of over S"^ x S"^ which is a well defined 
hypersurface in spacetime where V{t) > outside of the past /future cosmological horizons. The 
spacelike Killing vector d/dt has a fixed point set where V{tc) = whose topology is that of a 
S'^ X S'^ base space. Since and ^ are Killing vectors, for any constant (0^, 02)"Slice near the 
horizon t = Tc additional conical singularities will be introduced in the (t, r) Euclidean section 
unless t has period 

Air 

This period must be equal to l^^M^ which forces Tc = rf where 

, ± JqH'^ - 900^4 + ISOnH^ , , 

= 30^^ 

and the spacetime exists only for the following NUT charges: 



'90 + 30Vg^ + 9 
\n\ < (5.4) 



The mass parameters are given by 



- rtif - 15^2) - rWiGf - 45^2) + 3n\e - 5n'') 

= (5-5) 

The conserved mass and the action near future infinity are found to be 

TlRGd = -8nmR ^(2205^^^^ - 10773^^ - £^ - 63n'^t) + O (4 I (5-6) 

54c^r J 

Irm = -%^(3r^ + lOn'rl + 15nV, + 3mnf) + O (i) (5.7) 

Applying the Gibbs-Duhem relation Sjifid = Pr edP^RM — Irm^ the total entropy at future 
infinity can be found 

27r/3^^6,(3rg + IQnVg + 15nV, - QmRp) 

^RM - ^ 10. «j 

where is given by: 

g = Q-jrl + n-fe 

HRfid |3^7 ^ g^5^2 + ^3^2(4£2 _ ^5^2) _ 9^£2^2 + n^r^irbn^ - + 3mPn^\ ^ ' ' 

Figures ()5.H) . ()5.2j) . ()5.3p and ()5.4|) show the conserved masses and entropies for two different 
branches of six dimensional R- approach spacetime with g = 1 and g = 3. 
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Figure 5.1: Mass of Rg with q — IFigure 5.2: Mass of Rg with q — 1 
(sohd) and q = 3 (dotted). (sohd) and q = 3 (dotted). 
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Figure 5.3: Entropy of Rg with q = IFigure 5.4: Entropy of Rg with q = I 
(sohd) and q — 3 (dotted). (sohd) and g = 3 (dotted). 
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Figure 5.5: c-function of Rg solution 
versus r with different values of g = 1 
(solid) and g = 3 (dotted). The two 
plots overlap. 



Figure 5.6: c-function of Rg solution 
versus r with different values of g = 1 
(sohd) and g = 3 (dotted). The two 
plots overlap. 



Figure ()5.ip shows that for all positive NUT charge, R^ has a positive mass. The mass of Rg 
(with g = 1) forn < 0.27731503405£ is also positive. 
Using equations (j5.6p . (j5.5p and (|5.3|) . the R mass is 

ih27r 

<m± (ro = r^) = ^ , , J + 180n2£2 - 900ri4(810000n^ - bmOn^f (5.10) 

759375n^c"' 

-1350n^£^ + 450nY£^ + GOn^qH^ + qH^) ± 150n^q^f ± qH^°} 
and from (|5.8|) . the entropy is 

± _ ±7r2(±g2£2 ± 90^2 + g^g2£4 + IgOn^P - 900^^)3 g 

^'^-^ " 101250n4g£2 ^ 

+90n^fq^ + SOOn^q^t - 27000n^£^ + 540000^^) (5.11) 
^/q^i^ + 180n2£2 _ goOn^ ^ 150n^g^£^ ± 4050n^£'^g ± qH^° ± ISOn^fq^}/ 
{±(60750n''g2 - 270n\^e^ + 675nY^^ - - 182250n^) - 
^g2FTl80n2F^900^(g^£^ + 6075n^g + X^n^i^q^ - 225n^g^)} 

The entropy for both branches satisfies the first law dS^^^ = P%^Qd^^RQd- 
The six- dimensional c-function is given by 

{G^^n^^nT' = (5.12) 



TT } 



where is the unit normal vector to a constant r— slice. In figures ()5.5j) and ()5.6|1 . the diagrams of 
a Taub-Bolt-dS spacetimes c-functions outside the cosmological horizon with I = \ and n = 0.25 
for two cases g = 1 and 3 are plotted. 

As one can see from these figures, outside the cosmological horizon, the c -function is a mono- 
tonically increasing function of coordinate r, showing the expansion of a constant r-surface of the 
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metric (j3.6p outside of the cosmological horizon. We note that the behavior of the c-function is 
rather insensitive to q. 



5.2 C-approach in 6 dimensions 

In this approach the metric now has the form ()3.24j) with k = 2,d = 5, and will have 



where is again the non-vanishing NUT charge and the cosmological constant is now given by 

10 

^2 



A = ^. The periodicity condition becomes 



3 - ^ - 1^ f5 14) 

to avoid conical singularities in 6 dimensions. 

The geometric interpretation is fraught with the same difficulties as its 4 dimensional counter- 
part. Notwithstanding these issues, we shall proceed as before. 

The action follows from ()3.32|) with k = 2 

27Tf3{3pl + 15A^V+ + 3m£2 - lOA^V^) 
^CM = ^2 (5-15) 

with the largest positive root of F{p), determined by the fixed point set of dx, and m = rricfid 
the mass parameter for six dimensions. 

Working at future infinity, the conserved mass is 

^ „ 7r(63£^A^2 + 2205NH'^ + 10773A^6 _ f\ f l\ 

= -8nmcM ' ^ ^ + O i^-^j (5.16) 

and the total entropy is 

_ 2nP{3pl - ION'pI + 15N'p^ - 9mf) 
^CM — ^ [^■'-') 

These equations are generic, and can be analyzed for the specific 6-dimensional Taub-NUT-C 
and Taub-Bolt-C cases. When p^ = N, F{p = N) = and the fixed point set of dr is 2- 
dimensional, giving the NUT solution; when = p^^ > N, the fixed point set is 4-dimensional, 
giving the bolt solutions. 

5.2.1 Taub-NUT-C Solution 

For the NUT solution, p_,_ = A^, and the NUT mass is 



mc,n6 = ^-Y2 (5-18) 
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Figure 5.7: Plot of the NUT entropy and 
specific heat vs. for (5+1) dimensions. 

It is easily seen from this that mc^ne is always negative, which (from ()5.16p ) will give a positive 
conserved mass at future infinity. In the flat space limit, the NUT mass will go to — |iV^, and in 
the high temperature limit, mc\n6 goes to 0. 

The period in six dimensions (g = 1) is /? = 127rA^, so from (j5.15l5.17|) . 



Ic,NUT6d 
Sc ,NUT6d 



(5.19) 
(5.20) 



()5.2()j) and ()5.1fij) with m = mc,n& can be shown to satisfy the first law dS = (3dWl. In the fiat 
space limit, Ic,NUT6d — 327r^iV'^, and Scnutm OGtt'^N^. Both the action and the entropy go to 
in the high temperature limit. 

The specific heat in six dimensions can also be calculated. 



C,NUT6d 



(5.21) 



where this will go to — 3847r^A^'^ in the flat space limit, and will go to in the high temperature 
limit. 

In six dimensions, it can be seen (see Figure 15. 7|) that the entropy is always positive, and the 
specific heat is always negative. This is opposite to what occurs in four dimensions, though as in 
four dimensions, this means that the NUT solution is thermo dynamically unstable. 



5.2.2 Taub-Bolt-C Solution 

In this case the fixed point set of Ot is 4 dimensional, giving = p^_|_ > A^. The conditions for 
a regular bolt solution are now (i) F(p) = 0, and (ii) F'{p) = (where (ii) comes from the 
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Figure 5.8: Plot of the upper (p^ = pfj_^) and lower ( = p{,_) bolt masses mb± (g = 1) for six 
dimensions. 



second equality in ()5.14j] ). From (i), the bolt mass is given by 

3pt - {f + 15N^)pt + N\6f + 45iV2)p2 + 3N\e + 5N^) 
mc,.6 = (5.22) 

ph± is given by (ii+) 

P.. = ^ (5-23) 

Note again that the discriminant of p^_|_ will always be positive, and so there will be no limit on 
(except > 0). The flat space and high temperature limits of p^_,_ are inflnite; the flat space 

limit of Pfj_ is — and the high temperature limit is 0. 

The period for the bolt is found from the flrst equality in ()5.14|) 

. - (/^^ - ^')'^' 

Pc,Boimd — ovr 



3pl - 9pim - A^2(4£2 + i5Ar2)p3 _ Qm£2p2 _ jv4(i2£2 + 75m)pf, - 3mPm 

(5.24) 

The temperature of the NUT and bolt solutions can again be shown to be the same, by substituting 
in m = mcf,6 and either of Pf,^. 

Substituting p^ = p^_|_ into ()5.22|) . we can plot the mass vs. (see Figure I^TSj) . The upper 
branch mass is always negative, and the lower branch mass is always positive. Since the conserved 
mass is again negative at future infinity ()5.16j) . this will mean that in six dimensions, the bolt 
upper branch conserved mass will always be positive, and the bolt lower branch conserved mass 
negative. Note that this is different than the four dimensional case, where the upper branch 
solution varied from positive to negative. 
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Now, from (j5.15|) . using (j5.22p and (j5.23j) . the action is 



I- C, Bolted 



253125 



3|5Ar2_5p2^£2| 

?4(20250A^^ + 750Ar^g2 ^ 300^2^2^2 ^ ^4^4^ 

iV4 



(5.25) 



(-g2£4 + gOOA^^ - 30A^2£2)(^2£4 ^ goOAr4 ^ i80]V2£2)3/2 

and from ()5.17p . the entropy is 

47r2(15pg - (3£2 + 65Ar2)^4 ^ 3JV2(6£2 + 55Ar2)p2 ^ g^4(£2 ^ 5^2)) 



s, 



C, Bolted 



3|5Ar2-5p2 + £2| 
27r2 r [q^^ + 180Ar2g2£2 ^ i50Ar4g2 ^ 4050Ar4)£^ 



(5.26) 



50625 



± 



(g^£S + 90Ar2g2^6 _ 300Ar4g2£4 ^ 27000Ar6£2 + 540000Ar8)^g2£4 + ggoAT^ + 180iV2£2 

iV4g£2 



This entropy does satisfy the first law, though note that both branches must be checked separately. 
The specific heat (explicitly for each branch) in six dimensions is given by 



C, Bolted 



87r2 r£6g2(^907v2 + q 
50625 [ iV4 

^ (g£2 + 30A^2)(^^2_3Qjy2) 

Ar4g£2 y^2£r^9ooAFTl80iW 



+ ISOA^^g^i 



1350A^^g2£^ 



+4050iV^r + 162000iV'' 



SlOOOOiV^ 



(5.27) 



Plots of the entropy and specific heat for the upper and lower branch solutions (for g = 1) appear 
in Figures 15.91 15.101 From Figure 15.91 we can see that the entropy for the upper branch solution 
is always positive, and the specific heat is positive for iV < .2014312523 l\ thus the upper branch 
solution is thermodynamically stable for less than this. However, for the lower branch solutions, 
the entropy is always negative and the specific heat always positive, and so the lower branch bolt 
solution is always thermodynamically unstable. Note that this trend continues for g > 1. 



6 Discussion 

We have extended the use of the path-integral formalism to include quantum correlations between 
timelike histories. By employing this formalism in the semiclassical approximation we have been 
able to extend our notions of conserved quantities (such as mass and angular momentum), actions 
and entropies outside of cosmological horizons. Applying this formalism to Schwarzschild de Sitter 
spacetimes we find that the values of these quantities are in accord with our physical expectations, 
as previously shown in refs. ITIH 11 Ij. 
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Figure 5.9: Plot of the upper branchFigure 5.10: Plot of the lower branch 
bolt entropy and specific heat (for q =bolt entropy and specific heat (for q = 
1) for six dimensions. 1) for six dimensions. 



When we extend this formalism to NUT-charged spacetimes we find that the situation is 
considerably modified. First, NUT-charged spacetimes present us with two possible ways (the 
R-approach and the C-approach) in which we can apply our formalism, depending on how the 
spacetime is analytically continued. Moreover, there exist broad ranges of parameter space for 
which NUT-charged spacetimes violate both the maximal mass conjecture and the N-bound, in 
both four dimensions and in higher dimensions. We present in tables 1 and 2 the results for 
dimensions 4, 6, 8, 10 and general {d + 1) dimensions. We find the thermodynamic behaviour 
for the 4fc-dimensional spacetimes to be qualitatively similar in the R-approach, with the lower 
branch entropy always negative, and the upper branch solutions always having a range of n in 
which both the entropy and the specific heat are positive. Likewise the {Ak + 2)-dimensional 
spacetimes have qualitatively similar thermodynamics, behaving as illustrated in figures ()5.H) . 
()5.2|) . ()5.3|) and ()5.4|) . In the C-approach we likewise find a similarity in the thermodynamics of 
the 4A;-dimensional spacetimes, distinct from the common behaviour of the {Ak + 2)-dimensional 
ones. 

These results suggest that there may be some limitations to the application of the holographic 
conjecture to spacetimes with A > 0. For example, one implication of the N-bound (and the 
maximal mass conjecture) is that a quantum gravity theory with an infinite number of degrees of 
freedom (such as M-theory) cannot describe spacetimes with A > [12]. Our results suggest that 
this obstruction is not necessarily an obstruction in principle, but can be overcome in spacetimes 
with NUT charge that are locally asymptotically dS. One might wish to restrict the appearance of 
such spacetimes in the spectrum of states of quantum gravity since they contain contain causality- 
violating regions with closed timelike curves. The mechanism for so doing remains an unsolved 
problem. 

The entropy-area relation S = A/A is satisfied for any black hole in a (rf-l- l)-dimensional aAdS 
or aF, where A is the area of a {d — l)-dimensional fixed point set of isometry group. However, 
the entropy can defined for other kinds of spacetimes in which the isometry group has fixed points 
on surfaces of even co-dimension [21]. The best examples of these spacetimes are asymptotically 
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Figure 6.2: Gibbs-Duhem entropy 

(sohd), cosmological entropy (dotted) 

and N-bound (dashed) for positive 
NUT charge of i?J 



locally fiat and asymptotically locally AdS spacetimes with NUT charge. In these cases when the 
isometry group has a two-dimensional fixed set (bolt), the entropy of the spacetime is not given 
by the area-entropy relation, since there is a contribution to the entropy, coming from the Misner 
string [22] ■ 

In asymptotically dS spacetimes, the Gibbs-Duhem entropy ()2.24|) is less than the area of the 
horizon and respects the N-bound (for the case of Schwarzschild-dS spacetime, see [llj). However, 
for asymptotically locally dS spacetime with NUT charge, we have an additional contribution 
to the entropy ()2.24j) from the Misner string. Consequently the entropy need not respect the 
N-bound, and we find that there are a wide range of situations where it does not. 

In fact for positive NUT charge, for Rj, the fixed-t area of the cosmological horizon exceeds 
that of pure dS spacetime for certain range of values of the NUT charge. Consequently if one 
interprets the N-bound in terms of a relationship between horizon areas (as opposed to entropies), 
we still find that (within this range) the N-bound is violated. For , the fixed-t area of the 
cosmological horizon is less than the cosmological horizon area of pure dS spacetime for all values 
of NUT charge, and so the re-interpreted N-bound is respected. In the R4 case, the Gibbs- 
Duhem entropy is larger than one-quarter of the horizon area, which in turn is larger than the 
cosmological horizon area ni"^ of pure dS spacetime. In the R4 case, these inequalities are reversed, 
with 7r£^ always greater than the Gibbs-Duhem entropy, and both the Gibbs-Duhem entropy and 
one-quarter the area of cosmological horizon respect N-bound. Figures (|6.ip and (|6.2j) show the 
behaviour of entropies for the R4 and R^. 

Both the robustness of our formalism and its physical relevance remain subjects for future 
study. The entropy defined by the Gibbs-Duhem relation ()2.24|) would appear to have the requisite 
properties: it is positive and monotonically increasing with conserved mass for the Schwarzschild 
de Sitter case, and obeys the first law of thermodynamics for all cases we have considered so far 
(indeed, since our definition is built on the path integral formalism, it is hard to see how it could be 
otherwise). However the applicability of the second law remains an outstanding problem: in what 
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sense can we say that the entropy always increases in any physical process in this context? Even 
more intriguing is the relationship between this entropy and the underlying degrees of freedom 
that it presumably counts. 
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Table 1: Summary of General R- approach quantities 
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Table 2: Summary of General C-approach quantities 
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Table 3: Summary of Entropies 
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